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N.V. KRYLOV 

Abstract. We are dealing with possibly degenerate second-order par- 
abolic operators whose coefficients are infinitely differentiable with re- 
spect to space variables and only measurable with respect to the time 
variable. We impose the Hormander condition on the diffusion coeffi- 
cients and prove that the solutions of the corresponding equations with 
right-hand sides which are infinitely differentiable in the space variables 
in a space-time domain have also this property. 



1. Introduction 

In this article we are dealing with possibly degenerate second-order par- 
abolic operators whose coefficients are infinitely differentiable with respect 
to space variables and only measurable with respect to the time variable. 
Such operators arise, in particular, in the theory of stochastic diffusion pro- 
cesses and in filtering theory of partially observable diffusion processes. We 
impose the Hormander condition on the diffusion coefficients and prove that 
the solutions of the corresponding equations with right-hand sides which are 
infinitely differentiable in the space variables in a space-time domain have 
also this property. One can say that we are proving a restricted hypoellip- 
ticity for our operators. The author intends to use this result to prove some 
kind of restricted hypoellipticity for filtering equations. 

The problem of hypoellipticity was solved by Hormander (see the refer- 
ences in [2]) and attracted attention of very many researchers. In particular, 
there is a probabilistic approach to proving Hormander's hypoellipticity the- 
orem initiated by Malliavin and extremely well presented in [1]. 

The exposition below basically follows the lines designed by Hormander 
with substantial impact of Kohn and Oleinik and Radkevic (see [2, 3, 5, 6]). 
It would be very interesting to find a probabilistic proof of our results. So 
far, a few attempts by the author failed. 

Our main result is stated in Section 2 and proved in Section 6 preceded 
by Section 5 where we prove the main a priori estimate. Section 3 consists of 
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one-page collection of simple and well-known facts from the theory of pseudo- 
differential operators. In Section 4 we give estimates for the commutators 
of some operators and also prove a simple and rather weak a priori estimate 
for parabolic degenerate equations. 

In conclusion we introduce some basic notation. By we denote a 
Euclidean space of dimension d, x = (x^, x^) is a generic point of R'^. All 
functions are assumed to be real valued apart from Section 3. We denote 
Du the gradient of u, D^u its Hessian, DiU = du/dx^ . If a G M"*, we denote 
La = a^Di (the summation convention is always enforced). If a = (cki, aa) 
is a multi-index (meaning = 0, 1, ...), then 

:= L>5^i ■ ... ■ L>^^ |a| :=ai + ... + ad. 

Finally dt = d/dt. 

2. First steps, main ideas, and the main result 

Introduce BC^ as the set of real-valued or M'^-valued measurable vector- 
fields a on 

Q = {(t,x) : t € (0,1), a; G R"^} 

such that for each t G (0, 1), a{t,x) is infinitely differentiable with respect 
to X, and for any multi-index a we have 

sup \D"a{t, x)| < oo. 
t,xeQ 

Let di be an integer and let 

d 

Lk = a'^{t,x)D, = Y,a'\t,x)Di, k = 0, l,...,d,, 

i=l 

be some given operators with coefficients a''' G BC^. Define 

di 

L = dt-Y,Ll + Lo. 

k=l 

We use {u,v)o and ||u||o for the scalar product and the norm in £2 = 
C2iQ)- Set 

H^'^ = {u G £2 : dtu, Du, D^u G £2, «(0+, •) = 0}. (2.1) 

To explain what we mean by u{0+,-) = recall that if u,dtu G C2, then 
there exists a v such that u = v (a.e.) in Q and v{t,-) is a continuous 
L2(M'^)-valued function defined on [0,1]. Therefore m(0+, •) is well defined 
as v{0, •). In the same way, u{l—, •) is well defined. The following simple 
analytic fact is true. 

Lemma 2.1. There is a constant N such that for any u G H^'^ 

di 

Y,\\Lkufo<{Lu,u)o + N\\u\\l (2.2) 
k=l 
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or, equivalently, for any u € H ' such that Lu = f 

di 

J2\\LM\l<{f,n)o + N\\u\\l (2.3) 

k=l 

Proof. We multiply Lu = f through by u and integrate by parts. We get 

di d „ 

-J2{Llu,u)o + lYl / y'Diiu') + dtiu^)]dxdt = {f,u)o. 

k=l i=l •'^ 

Next, we integrate by parts and use that the derivatives of u are assumed 
to be bounded. Then we obtain 

I f a^Di{u'^)dxdt\<N\\u\\l, I dt(y?)dxdt = [ v^{l-,x) dx > 0, 

JQ JQ JR'i 

di di „ 

-'S^{lIu,u)o = y^(LkU,Lku)o + / uL'udxdt, 

f-". r-^ JR'i 



k=l k=l 
^ik\ 



where L'u = {DiU )LkU. As above 

uL'udxdt\ < A''||?x||o, 



/ 

JQ 



and to get (2.3), it only remains to combine the above results. The lemma 
is proved. 

Remark 2.2. Later on we will use the fact that the above proof can be 
organized differently. We have 

di di 

XI W^kuWo = ^{LkU,Lku)o = {u,v)o, 

k=l k=l 

where v = Ylk=i ^k^kU- Obviously, 

di di 

■u = - X lIu + ^[Ljk + Ll]LkU = Lu- dtu + L'qU, 

k=l k=l 

where Lq is a first-order differential operator with respect to x whose coef- 
ficients are in BC^. Furthermore, 

{L'qU,u)o = {u,{L[,ru)o = ^{[L'q + (L^)*]n,n)o, 
where [L'q + (Lq)*] is an operator of multiplying by a i?C^-function. Hence, 

\{L'qU,u)o\ < iVll^llo, iu,v)o < iLu,u)o + A^||u||o- 
Corollary 2.3. We have 
\\Lku\\o < N\\u\\l/\\\Lu\\l/^ + M'J^) < N{\\Lu\\o + \\u\\o) VA: > 1. (2.4) 
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Indeed, it suffices to use (2.2) and the inequality 

{Lu, u)o < \\Lu\\o \\u\\o- 
If we knew that for any ^ eM.'^ there exist b^,...,b^^ in BC^ such that 

C = 5V= (2.5) 

in Q, then (2.4) would imply 

||i^^i||o <A^(||/!lo + ||n||o), (2.6) 

where / = Lu. Next, one can hope to estimate second-order derivatives 
of u by differentiating the equation Lu = f (if u, f are smooth enough) , 
hopefully getting a "good" equation for Ux, so that 

llD^^llo < N{\\Df\\o + \\Du\\o) < N{\\Df\\o + ||/||o + ||u||o)- 
Keeping dreaming along the same lines, one arrives at 

\\D'^u\\o<Ni J2 \\D^f\\o + Mo). (2.7) 

l/9|<|a| 

This shows that one has a control on smoothness of u in terms of £,2 given 
that Lu is smooth. Sobolev's embedding theorems show that one has a 
control on smoothness of u in the uniform norm as well. This turns out to 
be quite sufficient for proving Hormander's theorem. 

It turns out that the assumption related to (2.5) can be relaxed and the 
estimate as strong as (2.4) is not needed. It suffices to have, say m W^- 
valued functions ai, am G BC^ such that, for any ^ G W^, one could find 
real- valued bi,...,bm € BC^ satisfying 

^ = biai + ... + bmam 

in Q and such that for each k = 1, ...,m and any u £ H^'^ we have 

\\La,u\\_s < N{\\Lu\\o + Mo), (2.8) 

where 6 € (0, 1), N are independent of k and u, and || • is the negative 
norm of order —6. In that case instead of (2.6) we would have 

\\Du\\^s < -^(ll^^llo + ll^llo), \\u\\i-5 < A^dl^^^llo + ll^^llo) 

and the fact that on the left we have a stronger norm of u than that on the 
right allows for iterations as is outlined above. Then in case Lu = f (z BC^ 
one could again differentiate this equation and obtain estimates of higher- 
order derivatives. 

Hormander discovered that in his situation of elliptic operators with 

smooth coefficients one can obtain (2.8) for L^, k = 0, ...,di, for their com- 
mutators, and then for the commutators of higher order. Then under the 
condition that a finite number of thus obtained vector fields generates the 
whole space one comes to global estimates like (2.7) and some additional but 
almost standard effort is needed in order to show that if, say, u is a general- 
ized function in a domain such that Lu = then u is infinitely differentiable 
with respect to x in this domain. 
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As we have mentioned, we are following arguments in [3] and [5]. However 
unlike [5], in our setting we could not obtain (2.8) for Lq and, therefore, we 
are basically bound to the restricted version of arguments in [5] mimicking 
those in [3]. Everywhere in the paper we impose the following in which 

hn+l = Cn^ {[Lk,M] ■.k = l, di,M e L„}, 

n > 0, where [Lk,M] = L^M — MLk- Also we denote by Lie„ the set of 
finite linear combinations of elements of L.„ with real-valued coefficients of 
class BC^. Observe that the operator Lq is not explicitly included into 
Lie„. Fix a domain G C Q. 

Assumption 2.4. There exists an n G {0,1,...} and M'^- valued functions 
ai,...,am of class BC'^ such that 

Lai, Lam ^ Lie„ 

and for any ^ G W^, there exist functions bi,...,bm G BC^ such that 

^ = biai + ... + bmam- 

at any point of G. 

In order to state our main result we introduce the necessary function 
spaces. Let ^(Q) be the set of generalized functions on Q. We work in the 
usual scale of Sobolev-Hilbert spaces defined for any m G M by 

jjm ^ A-"*£2(M''), Mnm = ||A'"^x||^o, 

where 

A = (l-A)^/2. 

For m € M define 

= {n G V{Q) : A™n G £2}, \\u\\„, = ||A™n||o. 

Also introduce H^'™ as the set of functions u G H"* such that u{t, •) G H"^ for 
any t G (0, 1) and there exists an / G H"*"^ such that for any ^ G Co°(M'^) 
and any t E (0, 1) we have 

{u{t, [\f{s,-)A)ds. (2.9) 

Jo 

Briefly, one can write that 

H^'"^ = {ue £2((0,l),i?"^(M'')) : dtu G £2{{0,1), H'^-\R'^))}. 

The above more detailed definition just makes it precise what we mean by 
dtu and also emphasizes the fact that for u G H^'™ the distributions u{t, •) 
are uniquely defined for any t G (0, 1). In particular, starting from this point 
by H^''^ we will mean not the space H^'^ introduced in (2.1) but rather the 
collection of the modifications of elements of that space as described before 
Lemma 2.1. 

Here is our main result. 
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Theorem 2.5. Let u be a generalized function on G such that for an m G M 
we have u( G M^'"* for any ( G Cq°{G). Take a c e BC^ and assume that 

c{L + c)u G Pi W 

n 

for any C eC^{G). Then 

CugP|M^'" (2.10) 

n 

for any (, G C^(G). Furthermore, if, for some a,b,r G (0,1) and T = 
(a, 6) X Bj., where Bj. = {x E : \x\ < r}, we have T C G then for any 
t G (a, 6) we have u{t, •) G C^{Br) and for any multi-index a 

sup \D'^u{t,x)\ < oo. (2.11) 
{t,x)er 

3. Pseudo-differential operators 

Here all functions can be complex valued. We remind the reader a few 
simple facts from the theory of pseudo-differential operators. 

Definition 3.1. For m G M let S"^ be the set of all functions a(x,^) G 
(joog^d ^ g^g]^ ^Yiat for any multi-indices a,P we have 

where C^^p are some constants (depending on a). The set S"^ is called the 
set of symbols of order m. 

Definition 3.2. For a G S"" define 

a{x,-iD)u{x) = (277)-'^ [ e'^'''^'^a{x,Ou{0 

The operator a{x, —iD) is called a pseudo-differential operator of order m 
with symbol a. By S"* we denote the set of all pseudo-differential operators 
of order m. For ^ G S"* we write ord A = m. 

An important example of operators of class S"* is given by A"* with symbol 
(1 + l^p)™/^. Another example of operators belonging to is given by 
Lai where a is an M'^- valued C^{W^) function. The most general pseudo- 
differential operator which we use below is just a product of not more than 
three operators described above. 

We borrow the next lemma from [2]. 

Lemma 3.3. (i). If A eS^, then A~"^A and AA~"^ are bounded operators 
on for any s G M. 

(ii). If Ai G §"^1 and A2 G S"^^^ then A1A2 G and [^1,^2] = 

A1A2-A2A1 G S"^i+"^2-l. 

We also use a result on pointwise multipliers (see, for instance, [7]). 
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Lemma 3.4. Let m > and a be a real-valued function of class C™(M'^). 
Then for any n G {—m, m) there exists a constant N such that for any 
u G we have 

\\au\\f{" ^ -^||fl||c'"(]R<*) II'^'IIj?"- 

4. Preliminary estimates 

Here is a result of simple manipulations. 

Lemma 4.1. Let a and b be M.'^ -valued C^{M.'^) functions, n G M, and let 
A G S". Then there is a constant N such that for any u G {W^) D H"- (R'^) 

\{LaLhU,Au)H" \ < iV||L6n||^o(||Lan||//n + (4.1) 

\{LbLaU,Au)Ho\ < N\\LaU\\H^{\\Lbu\\HO + ||M||i/o). (4.2) 

Proof. We have 

\iLaLiu,Au)Ho \ = \{Li,u,LIAu)ho \ < \\LhU\\Ho\\LlAu\\HO, 

where, owing to the fact that ord[L*,^] < n and L*u = —LaU + au with 

a G C^{R'^), 

\\LIAu\\ho < ||ylL>||^o + \\[LI,A]u\\ho < N\\Lau\\Hr^ +iVl|u||H~. 

This proves (4.1). 
Next, 

\{LbLaU,Au)Ho \ = \{LaU,LlAu)Ho\ < \\LaU\\Hr>^\\LlAu\\H-n, 

where 

\\LlAu\\H-n < \\ALlu\\H-n + \\[Ll,A]u\\H-n < N{\\Lhu\\HO + ||u||^o) 

and the lemma is proved. 

Now comes the key estimate for [La,Lt)]u. 

Lemma 4.2. Let a and b be as in Lemma 4-1 and e < 1. Then there is a 
constant N such that for any u G Il'^iW^) 

II [La, Lb]u\\ He/ 2-1 < N{\\LaU\\He-l + \\Lbu\\HO + \\u\\ho)- 

Proof. We proceed as in Remark 2.2, introduce 

A = A'-^[La,Lb], 
and observe that ord A < e — 1 < and 

II [La, Lb\ufjj,/2-i = {[La,Lb\u,Au)HO = {LaLbU,Au)HO - {LbLaU,Au)HO. 

After that it suffices to use (4.1) and (4.2) and the fact that || ■ \\h" < \\ ■ \\ho 
for n < 0. The lemma is proved. 

Corollary 4.3. // a G BC^ and for a constant N 

||i^ai^lU-i < A^dli^^llo + IKIlo) VugM1'2, (4.3) 
then (see Corollary 2.3) there exists a constant N such that 

\\[La,Lk\u\\,/2-i<N{\\Lu\\Q + \\u\\Q) V«GMi'2,A; = l,...,di. (4.4) 
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Since the operators satisfy (4.3) (with e = 1), applying repeatedly 
Corollary 4.3, we get the following. 

Theorem 4.4. Let n G {0,1,...} and G Lie„. Then there is constants 
£ G (0, 1] and N such that for all u G H^'^ we have 

\\LaU\\e-l < N{\\Lu\\o + \\u\\o). (4.5) 

Estimate (4.5) will play the role of (2.8) and will allow us to proceed as 
it is explained after Corollary 2.3. 

We will also use the following lemma which does not require any Hormander's 
condition. The lemma is quite elementary, although as happens often with 
simple facts, its proof is rather long. Before stating it we remind the reader 
a classical fact (see, for instance, Section 2.3 of [4]). 

Theorem 4.5. Let c be a function belonging to BC^ and (5 > 0. Then 
for any m G M and any f G H™ there is a unique u G H-^'"^"'"^ such that 
cu + Lu + SAu = f. 

Here is the lemma. 

Lemma 4.6. Let c be a function belonging to BC^. Then for any m = 
0,±1,±2,... andue m^'"'+'^ 

ll^^llm < -/V"||cu + Lu||^, (4.6) 

where N is independent of u, and the set 

{cu + Lu:ue M^'"^+2| (4 7) 

is everywhere dense in H"* . 

Proof. First let m > 0. The usual change of the unknown function 
v{t, x) = e^^u{t, x) sows that to prove (4.6) it suffices to show that there are 
A > and N (independent of u) such that 

\\u\\^<N\\{c + X)u + Lu\\^. (4.8) 

Take u G ]HI^'"*+^ and define f = Lu + {c + X)u. To estimate derivatives 
of order < m of u we differentiate this equation several times and then 
integrate by parts. Actually, we can make a shortcut using Lemma 2.1. So, 
let a be a multi-index with |a| < m. We have 

L>"Lu + XD"u + D'^icu) = D'^f. (4.9) 

Here by usual calculus 

D'^Lu + (cu) = LD'^u + ^ Lkb'^^^u + 6^% = LD'^u + ^Llb'^u + b'^u, 

k>l k>l 

with b^ and being certain usual differential operators of order < m. 
Also D"u G H^'^. Hence from (4.9) by Lemma 2.1 we have 

\\LkD°u\\l < {D"f - XD'^u - Llbfu - bfu, L>"u)o + N\\uf^ 
k>l k>l 
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< N\\ffm - A||^"^x||o + nY1 WLkD'^uWolMm + N\\u\\l. (4.10) 

k>l 

By remembering that ab < So? + 5~^h^ and using this to estimate the prod- 
ucts of norms in (4.10), wc get 

\\\D^u\\l<N\\f\\l + N\\utn. 

Upon summing up with respect to jaj < m, we conclude 

A|in||2 <iVi||/||2 +iVJ|n||2 , 



where A^i is independent of u and A. By taking Aq = 2A^i, wc finish the 
proof of (4.8) and (4.6) for m > 0. To prove it for m < we first prove the 
second assertion of the lemma. 

As above it suffices to find a A > such that 

{(c + A)n + Ltx:'uGM^''"+2} (4.11) 

is everywhere dense in W^. 

The number Aq, found above, depends on m, and we can write Aq = 
Ao(m). Without loss of generality we assume that Ao(m) is an increasing 
function of m > and we prove that the set (4.11) is dense in for m > 
if A = Ao(m + 2). 

From our derivation of (4.8), it is not hard to see that this estimate holds 
for operators L + (5A with the same constants Aq and N for any (5 > 0. Next, 
by Theorem 4.5 

{(c + \)u + Lu + SAu : u G H^'^+^l = M"+2. 

Therefore, for any / G H"*+^ and 6 > 0, one can find e Hi'"*+^ such that 
for the functions 

Lu^ + 5Au^ + (A + c)u^ = f. 
In addition, (remember A = Ao(m + 2)), 

||'"5||m+2 < iV||/||^+2- 

Hence, 

II W + (A + c)u^ - fWm < 5\\AusU ^ 0. 
This along with the fact that 11'"+^ is dense in H'" shows that (4.11) is dense 
in W^. Thus, (4.7) is also dense in W^. 

Now we prove (4.6) in the remaining case by using duality. Take m > 
and observe that for v ElBP 

\\v\\-rn= sup {v,f)o. (4.12) 

ll/I|m<l 

Let H^''" be the collection of n(l — t,x), where u G H^'™. By reversing 
the time variable and using the above result one easily proves that the set 

{cu + L*u:ueM^'"''+^} 

is everywhere dense in H™. Therefore, for any / with ||/||m < 1 we can find 
a sequence Un G 11^''"+^ such that := L*Un + cun ^ f in W^. By (4.6) 
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applied in reversed time we get 1 1 tin ||rra < -^||/n||m with independent of / 
and Un- This proves that there is a constant N such that the set {||/||m < 1} 
is a subset of the closure in H"* of 

{L*u + cu:ue ll-ulU < N}. 

Hence, for v e m^''^+^ 

WuW-m ^ sup {v,L*U + Cu)o= sup {Lv + CV, u)o < N\\Lv + Cv\\-rn, 
\Mm.<N ||w||m<Ar 

and the lemma is proved. 

Remark 4.7. Actually, the lemma is true for all m rather than for integers 
only. 



5. The main estimate in a particular case 

Throughout this section we suppose that Assumption 2.4 is satisfied with 
G = Q. Then for any ^ G W^, there exist functions bi, hm e BC^ such 
that in Q 

^ = biai + ... + bmam- 

By Lemma 3.4 we see that for any m G R, there exists N such that 
\\biLa^u\\jn < N\\LaiU\\m- This, together with Theorem 4.4, leads to the 
following. 

Corollary 5.1. There are constants e G (0,1] and N such that for all 

u G H^'^ we have 

< 7V(||Ln||o + ||n||o). (5.1) 

We thus get (2.8) and we may proceed as is explained in Section 2. 
We want to derive from Corollary 5.1 that, with the same e G (0, 1] for 
any m G M, there is a constant N such that for all u G ]HI-'^'"*+^ 

\\u\\m+e < N{\\Lu\\m + ||u|U). (5.2) 

In Section 2 we explained the idea of proving (5.2) on the basis of (5.1) 
by differentiating the equation Lu = f. Since wc are interested in estimates 
in H'^ not only for integral m, we apply the operator A"* to both sides of 
the equation Lu = f. Actually, this amounts to substituting A"*n instead 
of u in (5.1). 

If u G 11^'"*+^, then A"*u G H^'^ and after substituting we get 
\\u\\m+e < N{\\LA^u\\o+\\u\\m) < N{\\Lu\\m+\\ [L, A'"]^. ||o + |K|U). (5.3) 

Here we get into some trouble since Lemma 3.3 only says that ord [L, A"^] 
may be = m+ 1 > m + e, so that we cannot absorb || [L, A™]n||o into ||u||m+e 
or ||w||m- The help comes from "calculus", which allows us to represent 
[L, A"*] in a suggestive form (see [2]). 
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Lemma 5.2. If a is an W^-valued C^{R'^) function and b G S™, then 

[Ll,b] =biLa + b2, 

where 6j G S™. 

Indeed, bL^ = LabLa + cLa and LabLa = L^b + LaC, where c = [6, La]. 
Also LaC = cLa + [L„, c], where ord [La, c] < ordc < ord6 < m. 
Lemma 5.2 allows us to organize (5.3) differently. 

Lemma 5.3. Let m, n S M and G . Then there is a constant N such 
that for any u G ]H[^''"+"'+^, t; G 11° we have 

\\LAmU\\n < N(\\Lu\\m+n + ^ \\Lku\\m+n + \\u\\m+n), (5.4) 

k>l 

\{LAmU,v)Q\ < N\\v\\m{\\Lu\\o + ||ti||o)- (5.5) 

Proof. The second estimate follows from (5.4) with n = —m by Cauchy's 
inequality and Corollary 2.3. To prove (5.4) observe that 

||L^m^||ri ^ \\AmLu\\n -\- \\[ Am, L]u\\ Ji- 
lt follows that it only remains to estimate [Am, L]u. However, by Lemma 5.2 

[Am,L] = ^6feLfe + 6o, 
fe>i 

where ordfe^ = m, r = 0, ...,di. Hence, 

II [Am, L]u[[n < [[Lku[[m+n + ||^^||m+n)- 

k>l 

The lemma is proved. 

An extra term with L^u on the right in (5.4) suggests that we look back 
at (2.4). Indeed, it turns out that, by using (2.4), one can get a somewhat 
stronger estimate of L^u than what is needed at this stage. We mean 

+ \\u\\m), (5.6) 

fe>l 

which, along with (5.4) with n = and (5.3) would certainly finish the proof 
of (5.2). 

Theorem 5.4. Take e from Corollary 5.1 and let c G BC^ . Then for any 
m,n gM., there is a constant N such that for all u G ]HI^'™'+^ n 

c)^i||m + ||w||n)- (5.7) 

k>l 

Proof. If we have (5.7) for n = m, then for larger n we get (5.7) because 
[[u[[m < IKlIn- On the other hand, iterating (5.7) with m = n, we get it 
for all n < m. Hence it suffices to consider n = m. In this situation the 
observation that ||Ltt||m < ||(-L + c)«||to, + A^l| "ullfTi allows us to assume that 
c = 0. 
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By the argument before the theorem, we only need to prove (5.6). We 
have 

M:=Y, \\Lku\\m+e/2 < Yl \\LkA"''-'^Mo+Yl II [i^fe, A'^+^/^llo = h+h, 

k>l k>l k>l 

where ord [L^, A"^+^/^] < m + e/2, so that by interpolation 

h < N\\u\\m+e/2 < N\H\U^Mmle- 

Owing to (2.2) and (5.4), we write for Ii 

= Ar||LA-+^/\||_,/2||n|U+, + ||n||^+,/2 
k 

Thus, 

M < N{M + \\Lu\\m + \\u\\mf^''\\util,. 

It follows that 

ll^fe^i|U+./2 = M< N{\\Lu\\m + ||n|U)^/2||^||i/2^_ (5_g) 

fc>i 

Coming back to (5.4) and (5.3) we obtain 

||^i||m+£ < N{\\Lu\\„i + ||-u||„) + A^(||L?iI|,„ + ||-u||m)^/2||n||^{^g, 

which easily implies (5.2). Owing to (5.8) we get (5.6). Estimates (5.2) and 
(5.6) constitute (5.7) for n = m and c = 0. The theorem is proved. 

6. Proof of Theorem 2.5 

We derive Theorem 2.5 from an "interior" version of Theorem 5.4. By 
the way, the method used below for proving interior estimates on the basis 
of global ones is absolutely standard. 

We need a special cut-off function which is used in the statement and the 
proof of the following lemma bearing on interior estimates. Take an infinitely 
differentiable function h{p) of one variable p G R such that h{p) = 1 for 
p < 1, h{p) = for p > 2, and < ^ < 1. For any r > define 

^rix) = h{{2\x\-r)/r), rir{t) = ^((2|t| - r)/r), Cr{t,x) = ^r{x)vr{t) 

and for {to,xo) e Q set 

Observe that Cr°'''°{t,x) = 1 for {t,x) G and Cr{t,x) = outside 

Q'^;J°, where 

Qto,xo ^ K^^g,) . |a;-a;o| < r,\t-to\ < r}. 
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Lemma 6.1. Let {tQ^xo) G G. Then there exist e,i? G (0,1] such that 



QlT C G (6.1) 



and for any c € BC^ , m, n G M, with n < m, and r < R 

||C*°'"°u|U+. + ^||C*°'"°ifeti|U+./2 

fc>l 

< iVr-"(||C*r"(i + c)uU + \\Ct""^\\n) (6.2) 
whenever ere N,a > G are independent of u and r 

(as a matter of fact, one can take a = 2t + 2r(l + m — n)e^^ with r = 
max(|m|, \n\) + 3). 

Proof. Take R so small that (6.1) holds and observe that changing L 
outside Q*^j^° does not affect C2r {L + c)u iov r < R since C2r = outside 
Q3°/°. Bearing this in mind, take a function C G C^(M'^+^) such that C = 
on QI°^\ C = 1 outside ^4°/°, and < C < 1- Define 

L^ = CA, i = l,...,d, L' = dt-Y^Ll-Y,iLif + Lo. 

k>l 'i>l 

Observe that for ^, Oj, and 6j from Assumption 2.4 wc have 

(1 - C)6iai + ... + (1 - Obmam + = (1 - 0^ + = C 

in Q, that is, Assumption 2.4 is satisfied for L' with G = Q. Since L = L' in 
Q'sr" ' without loss of generality we may and will assume that Assumption 
2.4 is satisfied with G = Q (for the initial L). This modification of L outside 
QI°^° had only one purpose to be able to formally apply Theorem 5.4. 
Now fix r < i? and for integers j >0 define 

j 

rj = r ^2-^ ^^{x) = h{2^+^{\x -xo\-rj + r2-(^+^))/r), 

1=0 

rfi{t) = h{2^+\\t - to\ - rj + r2-(^+i))/r), C^(t,x) = ei^Wit), 
so that 

ro = r, rjt2r, = C*'''''^ 

Also, C^' G C(f (M'^+i), C^' = 1 in Qi]'""" , = outside Qi°'^°, and for 
T := max(|m|, |n|) + 3 

sup |D°9tC^ |+ sup |L»"C^ | < iVr-^2^J, (6.3) 

\a\<T—2,t,x \a\<T,t,x 



where N is independent of j, r. To finish with notation, let f = {L + c)u 

Since Cl^fj^^u G H^'"^+2 by assumption, we can substitute u(^^ in (5.7). 
Then we get 

C-' \\m+e + \\uLkC^ + C^Lku\\m+e/2 



k>l 
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< ^(IICV - J2(^ku)LkC + uLC'Wm + IK Iln). (6.4) 

k>l 

Here owing to (6.3) and Lemma 3.4 

IK'lIn = ||C''{C2.i^}||n < Nr-^2-^\\C2rU\\n, 
IICVIU = \\CnC2rf}\\m < iVr--2-^||C2./|U, 

\\{Lku)LkC'\\m = \\C^+\Lku)LkC^\\m < Nr-^2^^\\C^+^Lku\\m, 
Hence (6.4) implies that 

Ij ■= \\uCmm+6 + X] \\C^ LkU\\m+e/2 
k>l 

< N,r-^2-^{\\C2rf\\m + \\C2rU\\n + |K+i,n+./2 + llC^'+'^fe^^lU). (6.5) 

k>l 

Next, we use the interpolation inequality \\v\\k < 7'~'^||i'||i+7^~'^||^||p for any 
7 > if A; is between I and p (which immediately follows from the inequality 

^2k < ^21 j_ ^2py rpj^g^ any (5 > 

iVi||C^+iL,n|U < 5^/2||C^+^Lfctx|U+,/2 + iV5"— i||C^+iL,n||„_i, 
where again by (6.3) 

||C^+%«|U_l = ||C^+lLfe(C2.n)||n-l 

< Arr-^2-^'||Lfe(C2r^^)||n-i < iVr-^2^^^||C2r«||n. 
Therefore, by introducing a parameter 7 > 0, which will be specified later, 
defining S from the equation r~'^2'^^S^^^ = 7, and setting 

a = 2r + 2r(l + m - n)£~\ 

we find 

mr--2-'^\\C^+^Lku\\m < 7\\C'^^Lku\\^^,/2 + Ar(7)r-2"^'||C2.t.|U, 

where A^(7) depends on 7 but is independent of u,r,j. 
Similarly, 

iVllK+i^+,/2 < 5'/'\\uC^+'\\m+e + N5--"'-'\\uC^+X-l+e/2, 
|K'+i,_l+,/2 < iVr-^2^^||C2r^||„-l+./2 < iVr-"2^^||C2r^||n, 

iVir-^2-^'||<+i|U+,/2 < 7||<+'|U+. + A^(7)r~"2°^'||C2rn||n. 
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Hence coming back to (6.5), we get 

Ij < llj+i + iV(7)r-"2°^M, (6.6) 
where M := ||C2r/||m + ||C2r'*^||n- Now we chose 7 so that 

72" = 1/2, 

multiply both parts of (6.6) by 7-' , sum up for j = 0, 1, 2, .... Then we obtain 

Iq + S <S + Nr-'^M, (6.7) 

where 

00 

S := J2l^{\\uC^\m+e + E \\C'Lku\\m+e/2), 
j=l k>l 

and as above in light of (6.3) 

\\uCmm+e + Y^ IIC^-f'it^llm+e/2 < iVr 2^-? (||uC2r ||m+£ + X] IIC2rife'"||m+£/2) , 

k>l k>l 

which along with the inequality 72"^ < 1 and the fact that C2R^"'" ^ ]HI™+^ 
show that 6" < 00. Finally, (6.7) coincides with (6.2) and the lemma is 
proved. 

Proof of Theorem 2.5. Take a point (tQ,xo) € G and take (^*°'^° 
introduced before Lemma 6.1. Then by assumption there exists an m G M 
such that for all sufficiently small r > we have (r°'^°u G M^''^. Therefore, 
for all sufficiently small r > 

Trito,xo) := {n : C^^'^^n G M^'"} 7^ 0. 

Define 

nrito,xo) = snpTr{to,xo), no{to,xo) = limn,.(to, xq). 

Obviously (if h{t) > for t < 2), we have Trj^{tQ,xo) C Tr.2{to,xo) for 
n > ?^2) so that nr^{to,xo) < nr2(to,xo) and no(to,xo) is well defined. 

It turns out that to prove the theorem, it is sufficient (and necessary) to 
prove that 

no{to,xo) = oo \/{to,xo)£G. (6.8) 

Indeed, if (6.8) holds, then for any n G M and any point (^0,2^0) S G there 
is an ro{n,to,xo) > such that C^r"''^"u G H^'" for < r < ro{n,to,xo). By 
a finite covering argument we then get that for any ( G Cq°{G) we have 
(^u G H^'"'. Since this holds for any n, we obtain (2.10). 

The second assertion of the theorem follows from the first one by em- 
bedding theorems. Indeed, (u G H^'" implies that dt{Cu) G and then 
equation (2.9) implies that Cit, ■)u{t, •) G H"' for any t and the //""-norms 
of ({t, •)u{t, •) are bounded functions of t G (0, 1). Since this holds for any 
n, an application of the Sobolev embedding theorem with an appropriate ( 
yields (2.11). 
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We prove (6.8) by contradiction. Assume that there is a point (to, xq) G G 
such that no{tQ,xo) < oo. Take R and e from Lemma 6.1 and reduce R if 
necessary so that 

^; := (^O'^o^x G M^'" with n = no{to,xo) - e/2. 

Next, define 

f = Lv + cv 

and observe that, since v G H-*^'", we have / G EI"~^. Therefore by Theorem 
4.5, for S > 0, there exists a unique solution vs G H-'^''* of the equation 

Lvs + SAvs + CVS = /• 
As in the proof of Lemma 4.6 

sup ||'y5||„_2 < oo, (6.9) 

s 

\\V - Vs\\n-4 < N\\L{V - vs) + C{V - Vs)\\n-4 < N\\6Avs\\n-4 ^ (6.10) 

as (5 4- 0. 

Next, since on we have u = v and Lu = Lv, it holds that / = Lu+cu 

on Q^'^" is a restriction of an H^-function. By parabolic interior regularity 
theory for uniformly nondegenerate equations, Cr^'^^vs G H^'"^^ for any 
r G {0,R), which along with Lemma 6.1 implies that 

\\C'^}Tvs\\n+s < A^IICli^/^VIIn + iV||^^5||n-2. 

Hence, by (6.9), we get that C^^j^^vs uniformly bounded in IH^'"+'^ and, by 
(6.10), that C^jfv = Cr/Tu G H1'"+^ This implies that n + e< no{to, xq) 
and gives the desired contradiction with the definitions of n and no{to,xo)- 
The theorem is proved. 
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